Abstract. Let (X, D) be a log canonical pair such that dim X = 3, D is a Q-boundary and divisor −(K X + D) is nef and big on X. In this paper we prove that the linear system | − n(K X + D)| is base point free on X for n ≫ 0.
Introduction
Let X be an algebraic variety 1) with a Q-boundary D such that the pair (X, D) is log canonical and divisor −(K X + D) is nef and big on X. Then one has the following Conjecture 1.1 (M. Reid). In the above notation, the linear system | − n(K X + D)| is base point free on X for n ≫ 0.
Let us state the main result of the present paper. Theorem 1.2. In the above notation, if dim X = 3, then the linear system | − n(K X + D)| is base point free on X for n ≫ 0.
Thus, Theorem 1.2 proves Conjecture 1.1 in dimension 3. By [8, Proposition 11 .1] (see also [10] ) Conjecture 1.1 is also true in dimension 2. Furthermore, from Theorem 1.2 and [7, Lemma 5 .17] one immediately gets that the general element in | − n(K X + D)| has log canonical singularities for n ≫ 0 and the pair (X, D) is m-complementary for some m ∈ N (see [8, Definition 4.1.3] ). Remark 1.3. From Theorem 1.2 one can probably deduce that the Mori cone of X is polyhedral (see [8, Proposition 11.1] for the analogous result in dimension two). It would be also interesting to generalize the technique of the proof of Theorem 1.2 to higher-dimensional cases. Theorem 1.2 generalizes the main result of [4] . Although the proof follows some ideas from [4] , in the present paper we provide a different approach. Note also that according to O. Zariski's example (see [5, Remark 3-1-2]) Theorem 1.2 is not directly implied by the Base Point Free Theorem (see Theorem 2.9 below).
In Section 2 we collect some well-known results from the theory of minimal models and singularities of pairs. In Section 3, assuming that | − n(K X + D)| is not base point free for any n ∈ N, we reduce the proof of Theorem 1.2 to the case when X is Q-factorial, the pair (X, D) is divisorially log terminal and the reduced part of D is an irreducible surface S which turns out to be a P 1 -bundle over an elliptic curve. Moreover, we show that X is smooth near S (see Proposition 3.8) . Thus, one may consider the normal bundle N S/X = O S (−S S ) of S ⊂ X. Furthermore, one may assume that the degree of N S/X on the tautological section of the P 1 -bundle S is sufficiently large. In Section 4 we consider the case when the degree of N S/X on a fibre of the P 1 -bundle S is positive. Using the Cone Theorem and the Base Point Free Theorem we show that this case is impossible (see Propositions 4.1 and 4.3). Finally, in Section 5, using Kawamata's technique (see the proof of the Base Point Free Theorem in [9] ), we exclude the case when the degree of N S/X on a fibre of the P 1 -bundle S is negative.
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Preliminary results
We use standard notions and facts from the theory of minimal models and singularities of pairs (see for example [7] , [5] and [6] ). However, in the present section we recall some of them for the future frequent usage. We also use standard notions and facts from [3] .
In what follows (X, D) denotes the pair such that dim
At first, let us state some well-known results from the theory of singularities of pairs.
Proposition 2.2 (see [11, Corollary 3.8] ). If X is Q-factorial and (X, D) is divisorially log terminal, then all irreducible components of the divisor D 2) are normal and intersect normally. 
and for all i the support of Diff S (D − S) contains D i ∩ S. Furthermore, for every prime divisor W ⊂ S, near the general point on W there is an analytic isomorphism
where q, n ∈ N, q n and gcd(q, n) = 1.
Theorem 2.5 (see [11] , [6] ). Let (X, D) and S be as in Theorem 2.4. Then • the pair (X, D) is purely log terminal iff the pair (S, Diff S (D − S)) is Kawamata log terminal; • the pair (X, D) is log canonical iff the pair (S, Diff S (D − S)) is log canonical. Now, recall the following Definition 2.6 (see [10] ). Let (X, D) be log canonical. Then a Q-complement of (X, D) is a log canonical pair (X, D ′ ) such that D ′ D and N (K X + D) ∼ 0 on X for some N ∈ N.
Next example and the arguments in Section 3 show that in some cases it is convenient to distinguish pairs with Q-complements and without them.
2) Recall that α (respectively, α ) denotes the biggest (respectively, the smallest) integer less or equal (respectively,
Example 2.7 (see [2] ). Let E be an indecomposable vector bundle of rank 2 and degree 0 over a smooth elliptic curve (see [1] ). Set S := P(E). Let C be the tautological section of S. Then we have (C 2 ) S = 0 4) and K S = −2C. Let F be the class of a fibre on S. Then the cone N E(S) 5) is generated by two rays
. Furthermore, there is no curve Z = C on S whose class belongs to R 1 . Thus, the pair (S, αC) with 0 α 1 does not have Q-complements. Moreover, every pair (S ′ , αC ′ ), where S ′ is the blow up of S at an arbitrary number of points on C and C ′ is the proper transform of C on S ′ , does not have Q-complements. Finally, contraction of (−2)-curves and of the curve C ′ on S ′ also leads to the pair without Q-complements. Conversely, if divisor −(K X + D) is nef, dim X = 2 and (X, D) does not have Q-complements, then [2, Theorem 1.3] implies that (X, D) is obtained by one of the previous constructions. In particular, D is a smooth elliptic curve and
Finally, let us state some well-known results from the theory of minimal models.
Theorem 2.8 (see [7, Theorem 3.7] ). If X is Q-factorial and (X, D) is purely log terminal, then
where
are extremal rays such that
Theorem 2.9 (see [7, Theorem 3.3] ). Let (X, D) be Kawamata log terminal and let L be a nef Cartier divisor on X such that for some a ∈ N divisor aL − (K X + D) is nef and big on X. Then the linear system |nL| is base point free on X for n ≫ 0. 
on X and i > 0 equality
Theorem 2.11 (see [11] ). Let (X, D) be log canonical. Then there exists a threefold X ′ with birational morphism f : where A, B are effective h-exceptional Q-divisors without common components such that B is a Q-boundary. Applying log Minimal Model Program to the pair (Y, D Y + B) over X, we obtain a threefold X ′ with birational morphism f :
• the pair (X ′ , D ′ ) is divisorially log terminal. Now, let D ′ = 0. Note that there is only a finite number of irreducible curves on D ′ , say {W 1 , . . . , W k }, along which divisor K X ′ and irreducible components of the divisor D ′ are not Cartier. Take W 1 and consider the general hyperplane section H of X ′ near W 1 . From the above arguments applied to (X ′ , D ′ ) it follows that there exists a birational morphism g :
On the other hand, by Theorem 2.4 surface H has cyclic quotient singularities near W 1 . Thus, g is a composition of weighted blow ups over the general point on W 1 . This implies equality
} are the only irreducible curves on X ′′ along which divisor K X ′′ and irreducible components of the divisor D ′′ are not Cartier. Now the proof goes by induction on k.
Beginning of the proof of Theorem 1.2: some reduction steps and conventions
In what follows (X, D) is the pair from Theorem 1.2. In order to prove Theorem 1.2, we assume that Bs(| − n(K X + D)|) = ∅ for n ≫ 0. 9) Our goal is to bring this assumption to contradiction.
By Theorem 2.11 there exists a threefold X ′ with birational morphism f :
In particular, it follows from our assumption that Bs(| − n(K X ′ + D ′ )|) = ∅ for n ≫ 0. Thus, to prove Theorem 1.2 one may assume that X is Q-factorial and (X, D) is divisorially log terminal. 
9) Bs(M) denotes the base locus of the linear system M.
Proof. Consider the exact sequence
By Theorem 2.10 we have
since the pair (X, D ′′ ) is Kawamata log terminal (see Lemma 2.1 and Proposition 2.3). Thus, we get the exact sequence
Further, by Proposition 2.2 every irreducible component of D ′ is a normal surface. In particular, X is smooth in codimension 1 on D ′ . This implies that
and thus from (3.3) we obtain 
for n ≫ 0. 
Proof. If for every surface S
is nef on S. On the other hand, since (X, D) is divisorially log terminal, it follows from Theorem 2.5 that the pair (S, Diff
From Lemma 3.5 for the pair (S, Diff S (D − S)) we get a situation in Example 2.7. Moreover, we have the following Lemma 3.6. K S ≡ 0 on S.
Proof. Suppose that K S ≡ 0 on S. Then it follows from Example 2.7 that S has non-rational singularities. On the other hand, since X is Q-factorial and (X, D) is divisorially log terminal, Lemma 2.1 implies that the surface S has log terminal singularities which are rational (see for example [7, Theorem 5 .22]), a contradiction.
Lemma 3.7. The pair (X, D) is purely log terminal near S.
Proof. By Proposition 2.3 we have to prove that
Suppose that there exists a normal surface S ′ ⊂ D ′ such that S ′ = S and S ′ ∩ S = ∅. It follows from Lemma 3.6 and Example 2.7 that Z := Diff S (D − S) is a smooth elliptic curve contained in Bs(| − n(K X + D)|) for n ≫ 0. In particular, we have S ′ ∩ S = Z and S, S ′ are the only components of D ′ passing through Z (see Theorem 2.4 and Proposition 2.2).
Furthermore, since S is Cartier in codimension 2, we have Z ⊂ Sing(X). Take the blow up ϕ : Y −→ X of the curve Z with exceptional divisor E. Then, since S ′ is Cartier in codimension 2, we obtain equality
on Y . As above, to prove Theorem 1.2 one may switch from (X, D) to the pair (Y, ϕ −1 * (D) + E). Note that (Y, ϕ −1 * (D) + E) possesses all the preceding properties of (X, D).
Then, as for (S, Diff S (D − S)) above, for the pair (E, Diff E (ϕ −1 * (D))) we get a situation in Example 2.7 such that K E ≡ 0 on E. But then from Example 2.7 we obtain
where Z ′ is a curve on E, which implies that
Let S 1 , . . . , S k be all the normal surfaces in D ′ as the surface S above. By Lemma 3.7 and Proposition 2.3 we have
Then, as in the proof of Lemma 3.7, we obtain that
In what follows, for not to put the extra notation, we assume that S = D ′ . By the arguments below this will not cause the loss of generality.
Proposition 3.8. We have
• S = P(E) and Diff S (D − S) = C in the notation from Example 2.7;
• X is smooth near S;
Proof. It follows from Lemma 3.7 and Theorem 2.5 that the pair (S, Diff S (D − S)) is Kawamata log terminal. Moreover, from Lemmas 3.5 and 3.6 for (S, Diff S (D − S)) we get a situation in Example 2.7 such that K S ≡ 0 on S. Thus, we obtain that Diff S (D − S) is a smooth elliptic curve and Diff S (D − S) = 0. Furthermore, divisor
is nef. This implies that S = P(E) and Diff S (D − S) = C, since otherwise
(see Example 2.7), which is impossible for nef divisors.
Lemma 3.9. X is smooth near S.
Proof. Take a sufficiently ample divisor H on X such that for n ≫ 0 divisor −n(K X + D) + H is very ample (this is possible by the Kleiman's criterion for ampleness (see for example [5, Theorem 0-1-2])), and consider the exact sequence
since the pair (X, D ′′ ) is Kawamata log terminal (see the proof of Lemma 3.2). Thus, we obtain the exact sequence
Further, the surface S = P(E) is smooth, and since −n(K X + D) + H is very ample, for every point O on S there exists a divisor in | − n(K X + D + H) S | which is smooth at O. Then, since X is smooth in codimension 1 on S and hence
it follows from (3.10) that for every point O on S there exists a divisor in | − n(K X + D + H)| which is smooth at O. Thus, X is smooth near S.
Finally, on S we have K S = −2C (see Example 2.7). Then for n ≫ 0 we obtain
for some 0 α < 1, which implies by Example 2.7 and Corollary 3.4 that Bs(|−n(K X +D)|)∩S = C. Proposition 3.8 is proved.
Denote by F the class of a fibre of the P 1 -bundle S = P(E) (see Proposition 3.8). Write (3.11) S S = −aC − bF for some a, b ∈ Z. Then we have
On the other hand, we have (see Example 2.7)
which implies that
Now, consider the blow up ϕ : Y −→ X of the curve C with exceptional divisor E. From Lemma 3.7, Theorem 2.5 and Proposition 3.8 we obtain equality
on Y for some 0 α < 1. As above, to prove Theorem 1.2 one may switch from (X, D) to the pair (Y, ϕ −1 * (D) + αE). Note that (Y, ϕ −1 * (D) + αE) possesses all the preceding properties of (X, D). Denote by C Y := ϕ −1 * (S) ∩ E and by F Y := ϕ −1 * (F ) the tautological section and the class of a fibre of the P 1 -bundle
As in (3.12), we have
On the other hand, from equality
This and (3.12) imply that a Y > a. Thus, after a number of blow ups we obtain that to prove Theorem 1.2 one may assume that a = −(S · F ) X is sufficiently big.
where B i , B i,S are the base components of L n , r i , r i,S 0 the corresponding multiplicities, B i ∩ S = ∅, B i,S ∩ S = ∅ for all i and the linear system |M | is movable on X.
By Proposition 3.8 we have B i,S ∩ S = C for all i, Diff S (D − S) = C and Bs(| − n(K X + D)|) ∩ S = C. In particular, this implies that Bs(|M |) ∩ S = C or ∅. In what follows we assume that Bs(|M |) = Bs(|M |) ∩ S. By the proof of Theorem 2.9 in [9] and the arguments below this will not cause the loss of generality. Furthermore, as above, after a number of blow ups we obtain that to prove Theorem 1.2 one may assume that the following conditions are satisfied:
• for all i we have r i,S = r > 0 and B i,S := B, where B ≃ P(N C/X ) with (B 3 ) X = − deg N C/X ; • surfaces S and B intersect transversally by the curve C;
• the linear system |M | is base point free on X and M ∩ B = ∅; • B j ∩ B = ∅ for exactly one j and the intersection is transversal, Proof. Since C is a smooth elliptic curve, we have 
Hence Z ⊂ N E(X) K X +S<0 . On the other hand, it follows from Lemmas 3.7 and 2.1 that the pair (X, S) is purely log terminal. Then from Theorem 2.8 we obtain equality Proof. Since
we have S · R j X < 0 for some j, which implies that R j ⊂ S. But by Theorem 2.8 R j is a rational curve. Then it follows from the Lüroth Theorem that R j ∈ |F |. Now, consider the cycle
is nef on X and R j ∈ |F |, we have
for some 0 α < 1 (see the proof of Proposition 3.8), which implies that α j 1. Then we obtain
Proceeding by induction, we obtain the sequence of effective cycles
On the other hand, we have Proof. Since divisor −(K X + D) is nef and big on X, it is enough to show that divisor
intersects every curve on the surface S non-negatively. Moreover, since the cone N E(S) is generated by the curves C and F (see Example 2.7), it is enough to consider only C and F . Then we have Further, for m, n ≫ 0 we obtain
